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Abstract A new parallel subspace correction algorithm is proposed to solve
advection–diffusion equation with mass-conservative characteristic finite element
(MCC-FE) procedure. The dependence relations of the subdomains overlapping size,
spacial mesh parameter, time step, iteration number with the convergence rate is ana-
lyzed, and the a priori error estimate of this parallel algorithm is given. Some numerical
experiments are given to verify our theoretical result.
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1 Introduction

Recently, parallel computation has been a powerful tool for solving a large scale
partial differential equation systems. Overlapping domain decomposition method is
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a class of important numerical methods widely used in many fields. On the basis
of overlapping domain decomposition, lots of numerical methods for elliptic prob-
lems have been developed. The earliest overlapping domain decomposition method is
Schwarz alternating method. The traditional Schwarz alternating algorithms are not
parallel but successive. In order to obtain parallel Schwarz alternating algorithms,
many new techniques have been introduced, such as additive Schwarz methods, paral-
lel multilevel precondition algorithms, parallel weighted Schwarz algorithms, parallel
subspace correction methods and etc., see [1–8]. Overlapping domain decomposition
methods are extended to the parabolic problems. Generally speaking, through using
finite difference techniques in time, the parabolic problems can be changed into a set
of elliptic problems at each time step. One can use any parallel overlapping domain
decomposition algorithms, which are effective for elliptic problems, to solve these
resulting elliptic problems step by step over time. Cai in [9,10] presented some addi-
tive Schwarz methods for parabolic problems but not gave the convergence analysis.
Tai in [11] proposed parallel weighted Schwarz algorithms for solving parabolic equa-
tions and analyzed iterative number needed at each time step to reach given accuracy.
Rui and Yang in [12,13] constructed and analyzed the traditional Schwarz algorithms
of parabolic problems and gave a convergent rate that depends on mesh size. H.Wang,
J. Liu etc. in [14] developed a characteristic quasi-two-level, coarse-mesh-free domain
decomposition method for unsteady convection-diffusion equations. Sun, Yang [15]
and Yang [16] proposed improved domain decomposition parallel methods for par-
abolic equations and derived an almost optimal error estimates, without the factor

H− 1
2 given in Dawson-Dupont’s error estimate in [17].
In this article, basing on subspace correction idea proposed by J. Xu [6], we propose

a new overlapping domain decomposition parallel algorithm combinedwith theMCC-
FE procedure to solve advection–diffusion equation. In this algorithm, by the similar
techniques as in [18–20], we utilize the partition functions of unity to distribute the
corrections in the overlapping domains reasonably.We study the dependence relations
of the subdomains overlapping size, spatial mesh parameter, time step and iteration
number with the convergence rate, and give the a priori error estimate. Theoretical
analysis suggests that we only need one or two iterations to reach given accuracy at
each time level.

The outline of this paper is as follows. Firstly, we revisit the MCC-FE procedure
for the advection–diffusion equation and propose a new parallel algorithm in Sect. 2.
Then, we give some important lemmas in Sect. 3, which will be used to complete the
proof of the convergence theorem. In Sect. 4, we give the convergence analysis and
prove convergence theorem. In Sect. 5, we present some numerical examples to verify
theoretical results.

2 Formulation of parallel algorithm

To illustrate our method, we just consider the following advection–diffusion problem
as our model: Let Ω = [a, b], t > 0,
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(a)
∂u

∂t
+ ∂

∂x

(
νu − ε

∂u

∂x

)
= f (x, t),

(b)

(
νu − ε

∂u

∂x

)
|x=a =

(
νu − ε

∂u

∂x

)
|x=b = 0,

(c) u(x, 0) = u0, (1)

where ν = ν(x, t) is a given velocity, ε > 0 is a diffusion coefficient, f and u0(x) are
given functions.

Hypothesis I [21] The velocity ν satisfies

ν ∈ C0([0, T ]; W 1,∞(a, b)), ν(a, t) = ν(b, t) = 0.

For given (x, t) ∈ [a, b] × [0, T ], define the characteristic line through (x, t) be
the function X (x, t; τ) satisfying the following initial value problem

⎧⎨
⎩

dX

dτ
= ν(X (x, t; τ), τ ),

X (x, t; t) = x .
(2)

Set ψ = [1 + ν2] 12 , then the equation (1a) can be rewitten in an equivalent form

ψ
∂u

∂τ
+ ∂ν

∂x
u − ∂

∂x

(
ε
∂u

∂x

) = f. (3)

Let time increment �t > 0 and tn = n�t . According to (2), giving an initial
condition X (x, tn; tn) = x , we can get an approximate value of X by the Euler
method

Xn
1 = X1(x, t

n; tn−1) = x − νn(x)�t. (4)

Proposition I [21] Under Hypothesis I and

�t ≤ 1

‖ν‖C0(W 1,∞)

,

it holds

Xn
1 ([a, b]) = [a, b].

To construct a new parallel algorithm, we firstly give a domain decomposition. Denote
{Ω ′

i }Ni=1 a non-overlapping domain decomposition of Ω . In order to obtain an over-
lapping domain decomposition, we extend each subregion Ω ′

i to a larger region Ωi

such that Ω ′
i ⊂ Ωi ⊂ Ω and dist (∂Ω ′

i\∂Ω, ∂Ωi\∂Ω) ≥ H for each 1 ≤ i ≤ N ,
where H > 0 is called as overlapping degree. Let Th be a family of quasi-regular
finite element partition of the domain Ω such that the elements on the partition have
the diameters bounded by h. Assume that Th,i = Th

⋂
Ωi just is one finite element
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partition of Ωi for 1 ≤ i ≤ N . Let Vh ⊂ H1
0 (Ω) be a piecewise k-degree polynomial

space defined on the partition Th .
Define the following bilinear form:

A(u, v) = (u, v) + �t (εux , vx ).

Based on (3) and (4), the MCC-FE scheme can be read from [21,22] as follows: for
∀ vh ∈ Vh, n ≥ 1,

(a) A
(
ρn
h , vh

) = (
ρn−1
h ◦ Xn

1γ
n, vh

) + �t
(
f n, vh

)
,

(b) (ρ0
h , vh) = (u0, vh), (5)

where the definitions of ρn−1
h ◦ Xn

1 and γ n are as follows:

(
ρn−1
h ◦ Xn

1

)
(x) = ρn−1

h

(
Xn
1 (x)

)
,

γ n = 1 − �t
∂νn

∂x
.

In the following part of this section, we propose a new domain decomposition
parallel algorithm of the system (1). Define finite element sub-spaces as follows:

V i
h = {

vh ∈ Vh; vh = 0 in Ω\Ωi
}
, 1 ≤ i ≤ N .

It is clear that

Vh = V1
h + V2

h + · · · + VN
h .

Obviously, there exists a finite open covering family {Oi }Ni=1 of the domainΩ such
that Oi ∩ Ω ⊂ Ωi . Using the theory of partition of unity, we know that there exists a
function sequence {ϕi }Ni=1 such that

(a) supp(ϕi ) ⊂ Oi , 0 ≤ ϕi ≤ 1, ‖ϕi‖Wr,∞ ≤ K H−r , 1 ≤ i ≤ N ,

(b) ϕ1 + ϕ2 + · · · + ϕN = 1 in Ω,

where r is some nonnegative integer. Let ϕi
h be the piecewise linear interpolation of ϕi

on Th , and Ih be the interpolation operator on Vh . So, we propose a parallel subspace
correction algorithm.

Parallel Algorithm Denote m the iteration number at each time level. For given initial
approximation u0h = ρ0

h ∈ Vh , seek unh ∈ Vh(n = 1, 2, · · · ), by four steps:

Step 1. Set ũn0 = un−1
h and j = 1.

Step 2. For i = 1, 2, . . . , N , seek eij ∈ V i
h , in parallel, such that

A
(
eij , vh

) = (
un−1
h ◦ Xn

1γ
n, Ih(ϕi

hvh)
) + �t

(
f n, Ih(ϕi

hvh)
)

−A
(
ũnj−1, Ih(ϕi

hvh)
)
, ∀ vh ∈ V i

h . (6)
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Step 3. Set

ũnj = ũnj−1 +
N∑
i=1

eij . (7)

Step 4. If j < m, then set j := j + 1 and back to the step 2; or set unh = ũnm and then
return the first step to start iteration at the next time level.

For Parallel Algorithm, we have the following main result:

Theorem 1 Let u and unh be the solutions of (1) and Parallel algorithm, respectively.
Then the a priori error estimate

max
n

‖un − unh‖L2(Ω) ≤ K

{(
h2

H2 + �t

H2

)m
2

+ hk+1 + �t

}
, (8)

holds, where K is a positive constants independent of the mesh parameters H, h and
�t .

3 Some important lemmas

Define the norm ‖ · ‖A as follows:

‖w‖2A = (
w,w

) + �t
(
εwx , wx

)
.

We introduce a projection operator Pi
h : Vh → V i

h such that

A
(
Pi
hv, vh

) = A
(
v, vh

)
, ∀ vh ∈ V i

h, i = 1, 2 . . . , N .

In order to analyze the convergence of Parallel algorithm, nowwe give some impor-
tant lemmas.

Lemma 1 [21] Let u and ρh be the solutions of (1) and (5). Then, the a priori estimate

‖u − ρh‖L∞(L2(Ω)) + ε‖u − ρh‖L2(H1(Ω)) ≤ K
{
hk+1 + �t

}
(9)

holds.

Lemma 2 For s = 0, 1, there holds

‖(I − Ih)(ϕi
hvh)‖Hs (Ω) ≤ K

h

H
‖vh‖Hs (Ω), ∀ vh ∈ Vh, 1 ≤ i ≤ N , (10)

where I is an identity operator.
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Proof It is easily seen that

‖(I − Ih)(ϕi
hvh)‖2Hs (Ω) ≤ Kh2(k+1−s)

∑
κ∈Th

|ϕi
hvh |2Hk+1(κ)

≤ Kh2(k+1−s)
∑
κ∈Th

|Dϕi
h D

kvh |2L2(κ)

≤ Kh2‖ϕi
h‖2W 1,∞(Ω)

‖vh‖2Hs (Ω)

≤ K
h2

H2 ‖vh‖2Hs (Ω). (11)

where we have used the approximate properties of finite element space Vh and the fact
Dk+1vh = 0 on each element. So we get the inequality of (10). ��
Lemma 3 The following estimate

∣∣A(
w, v

) −
N∑
i=1

A
(
w, Ih(ϕi

h P
i
hv)

)∣∣ ≤ K

(
h

H
+

√�t

H

)
‖w‖A‖v‖A (12)

holds for all w, v ∈ Vh.

Proof It is easily seen that

A
(
w, Ih(ϕi

h P
i
hv)

) = A
(
w, ϕi

h P
i
hv

) − A
(
w, (I − Ih)(ϕi

h P
i
hv)

)
,

and

A
(
w, ϕi

h P
i
hv

)
= A

(
ϕi
hw, Pi

hv
)

+ �t

[(
εwx ,

∂ϕi
h

∂x
Pi
hv

)
−

(
ε
∂ϕi

h

∂x
w,

∂Pi
hv

∂x

)]
.

Note that

A(w, v) =
N∑
i=1

A(ϕi
hw, v).

Hence, we have

A
(
w, v

) −
N∑
i=1

A
(
w, Ih(ϕi

h P
i
hv)

)

=
N∑
i=1

A
(
ϕi
hw, (I − Pi

h)v
) +

N∑
i=1

A
(
w, (I − Ih)(ϕi

h P
i
hv)

)

−�t
N∑
i=1

[(
εwx ,

∂ϕi
h

∂x
Pi
hv

)
−

(
ε
∂ϕi

h

∂x
w,

∂Pi
hv

∂x

)]
. (13)
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Using Lemma 2, we obtain

∣∣A(
w, (I − Ih)(ϕi

h P
i
hv)

)∣∣ =
∣∣∣∣∣(w, (I − Ih)(ϕi

h P
i
hv))

+� t

(
εwx ,

∂(I − Ih)(ϕi
h P

i
hv)

∂x

)∣∣∣∣∣
≤ K

(
h

H
+

√�t

H

)
‖w‖A,Ω i ‖v‖A,Ω i .

So, we have

∣∣∣∣∣
N∑
i=1

A
(
w, (I − Ih)(ϕi

h P
i
hv)

)∣∣∣∣∣ ≤ K
( h
H

+
√�t

H

)‖w‖A‖v‖A,

and

∣∣∣∣∣
N∑
i=1

A
(
ϕi
hw, (I − Pi

h)v
)∣∣∣∣∣ =

∣∣∣∣∣
N∑
i=1

A
(
(I − Ih)ϕi

hw, (I − Pi
h)v

)∣∣∣∣∣

≤ K

(
h

H
+

√�t

H

) (
N∑
i=1

‖(I − Pi
h)v‖2A,Ω i

)1/2

‖w‖A.

In addition, we have

�t
N∑
i=1

∣∣∣∣∣
(

εwx ,
∂ϕi

h

∂x
Pi
hv

)
−

(
ε
∂ϕi

h

∂x
w,

∂Pi
hv

∂x

)∣∣∣∣∣

≤ K

√�t

H

(
N∑
i=1

‖Pi
hv‖2A,Ω i

)1/2

‖w‖A

Substituting these inequalities into (13), we get the estimate (12). ��

4 Convergence analysis

In this section, we give the complete proof of the convergence theorem.
We know that Parallel algorithm is equivalent to an iteration with initial value un−1

h
to solve the following problem: Find ûnh ∈ Vh such that for any vh ∈ Vh

A(ûnh, vh) = (un−1
h ◦ Xn

1γ
n, vh) + �t ( f n, vh). (14)
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We can rewrite (14) as follows:

A(unh, vh) = (un−1
h ◦ Xn

1γ
n, vh) + �t ( f n, vh) + A(unh − ûnh, vh). (15)

Subtracting (5) from (15), we get the equation

A(unh − ρn
h , vh) = (

(un−1
h − ρn−1

h ) ◦ Xn
1γ

n, vh
) + A(unh − ûnh, vh). (16)

It is obvious that we must estimate the bound of unh − ρn
h to bound unh − un . The last

equation suggests that the bound of unh − ûnh is crucial, which reflects the contribution
of the iteration error to the global approximation error.

Lemma 4 There exists the a priori estimate

‖unh − ûnh‖A ≤ K

(
h2

H2 + �t

H2

)m
2

‖un−1
h − ûnh‖A. (17)

Proof From Parallel algorithm and (14), we know that

A(eij , vh) = A(eij , P
i
hvh) = A(ûnh − ũnj−1, Ih(ϕi

h P
i
hvh)), (18)

and

A(ũnj − ûnh, vh) = A(ũnj−1 − ûnh, vh) +
N∑
i=1

A(eij , vh)

= A(ũnj−1 − ûnh, vh) +
N∑
i=1

A(ûnh − ũnj−1, Ih(ϕi
h P

i
hvh)). (19)

By Lemma 3, we have the estimate

‖ũnj − ûnh‖A ≤ K

(
h

H
+

√�t

H

)
‖ũnj−1 − ûnh‖A. (20)

Hence, we have the inequality (17). ��
Set ξn = unh − ρn

h , η
n = unh − ûnh and ζ n = ρn

h − un . Now, we bounds un−1
h − ûnh .

The following result can be obtained.

Lemma 5 The a priori estimate

‖ûnh − un−1
h ‖2A ≤ K�t

{
1 + ‖ξn−1‖2H1(Ω)

}
(21)

holds.
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Proof Using (14) and the definition of γ n , we get the equation

A(ûnh − un−1
h , vh) = (un−1

h ◦ Xn
1γ

n, vh) − A(un−1
h , vh) + �t ( f n, vh)

= (
un−1
h ◦ Xn

1γ
n − un−1

h , vh
)−�t

(
ε
∂un−1

h

∂x
,
∂vh

∂x

)

+�t
(
f n, vh

)

= (
un−1
h ◦ Xn

1 − un−1
h , vh

) − �t

(
un−1
h ◦ Xn

1
∂νn

∂x
, vh

)

−�t

(
ε
∂un−1

h

∂x
,
∂vh

∂x

)
+ �t

(
f n, vh

)

= (
un−1
h ◦ Xn

1 − un−1
h , vh

) − �t

(
un−1 ◦ Xn

1
∂νn

∂x
, vh

)

−�t

(
ζ n−1 ◦ Xn

1
∂νn

∂x
, vh

)
− �t

(
ξn−1 ◦ Xn

1
∂νn

∂x
, vh

)

−�t

(
ε
∂un−1

∂x
,
∂vh

∂x

)
− �t

(
ε
∂ζ n−1

∂x
,
∂vh

∂x

)

−�t

(
ε
∂ξn−1

∂x
,
∂vh

∂x

) + �t
(
f n, vh

)
. (22)

Choosing vh = ûnh − un−1
h in (22) and using Lemma 1, we obtain

‖ûnh − un−1
h ‖2A ≤ ‖un−1

h ◦ Xn
1 − un−1

h ‖H−1(Ω)‖ûnh − un−1
h ‖H1(Ω)

+K (�t)2
{
1 + ‖ξn−1‖2L2(Ω)

} + K�tε
{
1 + ‖ξn−1‖2H1(Ω)

}
+δ‖ûnh − un−1

h ‖2A (23)

where we have used Lemma 1 and the inequality (Lemma 1 in [23] ) ‖φ ◦ Xn
1‖ ≤

(1 + K�t)‖φ‖.
Using the similar idea to Lemma 1 in [24] and Lemma 1, we have

‖un−1
h ◦ Xn

1 − un−1
h ‖H−1(Ω) ≤ K‖un−1

h ‖L2(Ω)�t

≤ K {‖ξn−1‖L2(Ω) + ‖ζ n−1‖L2(Ω) + ‖un−1‖L2(Ω)}�t

≤ K {1 + ‖ξn−1‖L2(Ω)}�t.

Substitute the above estimate into (23), then we get the inequality (21). ��
Next, we complete the proof of Theorem 1.

Proof Choosing vh = ξn in (16), we have

(
ξn − ξn−1 ◦ Xn

1γ
n, ξn

) + �t
(
εξnx , ξnx

) = A
(
ηn, ξn

)
. (24)
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We note that

(
ξn − ξn−1 ◦ Xn

1γ
n, ξn

) + �t
(
εξnx , ξnx

)
≥ 1

2

[
(ξn, ξn) − (ξn−1 ◦ Xn

1γ
n, ξn−1 ◦ Xn

1γ
n)

] + �t
(
εξnx , ξnx

)

≥ 1

2

[
(ξn, ξn) − (ξn−1, ξn−1)(1 + K�t)

] + �t
(
εξnx , ξnx

)
, (25)

where we have used the same technique as in [24] and the definition of γ n again.
By use of Lemma 4 and Lemma 5, we easily get

A
(
ηn, ξn

) ≤ ‖ηn‖A‖ξn‖A

≤ K

(
h2

H2 + �t

H2

)m
2 √�t

[
1 + ‖ξn−1‖2H1(Ω)

]1/2‖ξn‖A

≤ K�t

(
h2

H2 + �t

H2

)m [
1 + ‖ξn−1‖2H1(Ω)

] + δ‖ξn‖2A. (26)

Substituting (25) and (26) into (24), we obtain

1

2

[
(1 − 2δ)(ξn, ξn) − (ξn−1, ξn−1)

] + ε

2
(1 − 2δ)�t‖ξn‖2H1(Ω)

≤ K�t

{
‖ξn−1‖2L2(Ω)

+
(
h2

H2 + �t

H2

)m (
1 + ‖ξn−1‖2H1(Ω)

)}
. (27)

Multiply (27) by 2 and sum it over time, then, for sufficiently small �t and δ we have

‖ξn‖2L2(Ω)
+

(
n∑

i=1

‖ξ i‖2H1(Ω)
�t

)1/2

≤ K

{(
h2

H2 + �t

H2

)m

+ �t
n−1∑
i=1

‖ξ i‖2L2(Ω)

}
.

(28)

Using the discrete Gronwall’s lemma, we get

max
n

‖ξn‖2L2(Ω)
≤ K

(
h2

H2 + �t

H2

)m

. (29)

By Lemma 1, we get the inequality (8). So we complete the proof of Theorem 1. ��

5 Numerical results

In this section, we present results of some numerical experiments with the main objec-
tive for confirming our theoretical analysis. Set [a, b] = [0, 2], denote by H the
overlapping degree, and then decompose the interval [a, b] into the following three
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Ω1

Ω2

Ω3

Fig. 1 The sub-domains of the interval [a, b]

Table 1 For the case: ν = 1
10 , H = 1

6 , h = �t

h m ε = 1 ε = 1e − 1 ε = 1e − 3 ε = 1e − 5 ε = 0

L2 L2 L2 L2 L2

1
24 * 2.2821e − 2 2.8124e − 2 3.4516e − 2 3.4913e − 2 3.4917e − 2
1
24 1 4.2306e − 2 3.0104e − 2 3.1740e − 2 3.2727e − 2 3.2758e − 2
1
24 2 3.7503e − 2 2.8372e − 2 3.1735e − 2 3.2728e − 2 3.2759e − 2
1
24 3 3.5857e − 2 2.8206e − 2 3.1735e − 2 3.2728e − 2 3.2759e − 2
1
24 4 3.4863e − 2 2.8190e − 2 3.1735e − 2 3.2728e − 2 3.2759e − 2
1
48 * 1.2479e − 2 1.4363e − 2 1.5231e − 2 1.5424e − 2 1.5427e − 2
1
48 1 1.9319e − 2 1.4910e − 2 1.4682e − 2 1.4682e − 2 1.4682e − 2
1
48 2 1.7447e − 2 1.4404e − 2 1.4676e − 2 1.4681e − 2 1.4681e − 2
1
48 3 1.6942e − 2 1.4387e − 2 1.4676e − 2 1.4681e − 2 1.4681e − 2
1
48 4 1.6753e − 2 1.4386e − 2 1.4676e − 2 1.4681e − 2 1.4681e − 2
1
96 * 6.6170e − 3 7.2218e − 3 7.3159e − 3 7.3169e − 3 7.3169e − 3
1
96 1 8.0829e − 3 7.3664e − 3 7.3054e − 3 7.3055e − 3 7.3055e − 3
1
96 2 7.3927e − 3 7.2298e − 3 7.3040e − 3 7.3054e − 3 7.3054e − 3
1
96 3 7.2718e − 3 7.2283e − 3 7.3040e − 3 7.3054e − 3 7.3054e − 3
1
96 4 7.2456e − 3 7.2283e − 3 7.3040e − 3 7.3054e − 3 7.3054e − 3

sub-domains: Ω1 = [0, 2
3 + H

2 ], Ω2 = [ 23 − H
2 , 4

3 + H
2 ] and Ω3 = [ 43 − H

2 , 2] (see
Fig. 1).

In this section, we choose the piecewise linear finite element spaces and apply the
same linear partition functions of unity as in [20].

Experiment I In this experiment, we consider that the velocity field is a constant.
The exact solution is u = e−t sin2 πx and the velocity is ν = 0.1. Choosing different
values of the parameters ε, h,�t and the iterative numberm, we present the following
errors of ‖u − uh‖L2 in Tables 1 and 2. In these Tables, we use “ * ” to denote the
numerical results by using MCC-FE method. Based on these numerical results, it is
easily seen that only one or two iterations are needed to reach the given accuracy
for the fixed overlapping degree H at each time step, which is coincided with our
theoretical analysis.

Experiment II Here we consider a variable velocity field. Take the exact solution
u = e−t sin πx and ν = x

10 . Choosing different values of the parameters ε, h, �t
and the iterative number m, we present the following errors of ‖u − uh‖L2 in Table 3.
These numerical results suggest that our theoretical analysis is valid.

Experiment III To compare the numerical results by MCC-FE method and Parallel
algorithm, we will choose a right-hand side function f with complex structure and
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Table 2 For the case: ν = 1
10 , H = 1

12 , h = �t

h m ε = 1 ε = 1e − 1 ε = 1e − 3 ε = 1e − 5 ε = 0

L2 L2 L2 L2 L2

1
24 * 2.2821e − 2 2.8124e − 2 3.4516e − 2 3.4913e − 2 3.4917e − 2
1
24 1 3.5462e − 2 3.0263e − 2 3.0021e − 2 3.3080e − 2 3.3196e − 2
1
24 2 2.9672e − 2 2.7975e − 2 3.0020e − 2 3.3072e − 2 3.3188e − 2
1
24 3 2.5252e − 2 2.7240e − 2 3.0020e − 2 3.3071e − 2 3.3187e − 2
1
24 4 2.2788e − 2 2.7035e − 2 3.0020e − 2 3.3071e − 2 3.3187e − 2
1
48 * 1.2479e − 2 1.4363e − 2 1.5231e − 2 1.5424e − 2 1.5427e − 2
1
48 1 1.6714e − 2 1.5027e − 2 1.4641e − 2 1.4975e − 2 1.5042e − 2
1
48 2 1.4290e − 2 1.4242e − 2 1.4630e − 2 1.4975e − 2 1.5042e − 2
1
48 3 1.2695e − 2 1.4103e − 2 1.4630e − 2 1.4975e − 2 1.5042e − 2
1
48 4 1.1991e − 2 1.4079e − 2 1.4630e − 2 1.4975e − 2 1.5042e − 2
1
96 * 6.6170e − 3 7.2218e − 3 7.3159e − 3 7.3169e − 3 7.3169e − 3
1
96 1 7.9674e − 3 7.4128e − 3 7.2947e − 3 7.2961e − 3 7.2962e − 3
1
96 2 7.3009e − 3 7.1720e − 3 7.2920e − 3 7.2958e − 3 7.2959e − 3
1
96 3 6.8992e − 3 7.1521e − 3 7.2920e − 3 7.2958e − 3 7.2959e − 3
1
96 4 6.9807e − 3 7.1504e − 3 7.2920e − 3 7.2958e − 3 7.2959e − 3

Table 3 For the case: ν = x
10 , H = 1

6 , h = �t

h m ε = 1 ε = 1e − 1 ε = 1e − 3 ε = 1e − 5 ε = 0

L2 L2 L2 L2 L2

1
12 * 3.6687e − 2 6.1793e − 2 7.4209e − 2 7.5258e − 2 7.5270e − 2
1
12 1 7.2542e − 2 6.9213e − 2 6.9410e − 2 7.1682e − 2 7.1718e − 2
1
12 2 5.8469e − 2 6.2958e − 2 6.9400e − 2 7.1676e − 2 7.1713e − 2
1
12 3 4.9055e − 2 6.1716e − 2 6.9399e − 2 7.1676e − 2 7.1712e − 2
1
12 4 4.4928e − 2 6.1469e − 2 6.9399e − 2 7.1676e − 2 7.1712e − 2
1
24 * 2.3748e − 2 3.2185e − 2 3.3497e − 2 3.3510e − 2 3.3510e − 2
1
24 1 3.7178e − 2 3.4425e − 2 3.3328e − 2 3.3324e − 2 3.3324e − 2
1
24 2 3.0658e − 2 3.2371e − 2 3.332e − 2 3.3318e − 2 3.3319e − 2
1
24 3 2.7330e − 2 3.2180e − 2 3.3301e − 2 3.3318e − 2 3.3318e − 2
1
24 4 2.6120e − 2 3.2162e − 2 3.3301e − 2 3.3318e − 2 3.3318e − 2
1
48 * 1.3815e − 2 1.6319e − 2 1.6651e − 2 1.6654e − 2 1.6654e − 2
1
48 1 1.8363e − 2 1.6941e − 2 1.6608e − 2 1.6607e − 2 1.6606e − 2
1
48 2 1.5613e − 2 1.6344e − 2 1.662e − 2 1.6606e − 2 1.6606e − 2
1
48 3 1.4665e − 2 1.6323e − 2 1.662e − 2 1.6606e − 2 1.6606e − 2
1
48 4 1.4400e − 2 1.6323e − 2 1.662e − 2 1.6606e − 2 1.6606e − 2
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Fig. 2 Numerical results at different times under the case ν = 1/10: T = 0.5 (a), T = 1.0 (b), T = 1.5
(c), T = 2.0 (d)

the homogeneous initial-boundary conditions as follows:

⎧⎪⎪⎨
⎪⎪⎩

f (x, t) = 100et−
x2
2 cos(5πxt) sin(9πx),

u(a, t) = u(b, t) = 0,

u0(x) = 0.

Here, we fix the parameters H = 1/6, h = �t = 1/48, ν = 0.1 and ε = 1e − 5
and take iterative number m = 1, we observe numerical solutions at different time
(see Fig. 2 ) where we use “ - ” to denote numerical results of ρh by MCC-FE method
and use “ * ” to denote numerical results of uh by Parallel algorithm. These figures
clearly show that for the advection–dominated diffusion equation, uh approximates
well to ρh at different times, even only iterating one cycle at each time step under the
constant velocity field.
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Fig. 3 Numerical results at different times under the case ν = e−x/10: T = 0.5 (a), T = 1.0 (b), T = 1.5
(c), T = 2.0 (d)

Experiment IV In this experiment, we compare the numerical results by MCC-FE
method and Parallel algorithm under the variable velocity field.We still choose a right-
hand side function f with complex structure and the homogeneous initial-boundary
conditions as follows:

⎧⎪⎪⎨
⎪⎪⎩

f (x, t) = 100ex−
x2
2 +t cos(3πxt) sin(5πx),

u(a, t) = u(b, t) = 0,

u0(x) = 0.

For the variable velocity ν = e−x/10, we fix the parameters H = 1/6, h = �t =
1/48 and ε = 1e−5 and take iterative numberm = 1, we observe numerical solutions
at different times ( see Fig. 3 ) . These figures clearly show that for the variable velocity

123



www.manaraa.com

A new parallel subspace correction method 313

field, uh also approximates well to ρh at different times, even only iterating one cycle
at each time step.
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